
ElectromagneticWaves



Fermat Principle

Recap: Ray description of light

Min AP + PB → n!sin𝛼 = 𝑛"sin𝛽 Min AP + PB → 𝜃! = 𝜃!#



Wavefront: a surface over which the phase of 
the wave is constant.
Wavelength: period in real space
Wave front is always perpendicular to the 
propagation direction.



Recap: Wave description of light
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Why beam optics? Isn’t ray optics simple and beautiful?



Welcome to Electromagnetic Wave Description of Light

𝐷: Electric Displacement, ρ: Charge Density
B: Magnetic Induction
E: Electric Field
H: Magnetic Field, J: Electric Current Density

∇:Nabla Operator
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Maxwell Equations



• Four types of Electronic Polarization:
• 1.Free Charge Polarization: Conductive materials
• 2.Ionic Polarization: NaCl crystal
• 3.Orientational Polarization: H2O molecule
• 4.Electronic Polarization: CO2 molecule

• In magnetics, cases are similar, but we won’t cover them in this class.

𝜀$: Permittivity, electric constant
𝜇$: Permeability, magnetic constant



Free Charge Polarization
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In the conductive material,
at equilibrium state, E = 0,
why?



No matter how the polarization
is induced, it has the trend to
cancel out the original external
field.



Divergence and Curl

• Water Flow

Normal Flow Vortex (rotating flow) Water Spring



• Water Flow
• Divergence≠ 0 equivalent to find a small box region, flow in≠ flow

out, so it results in accumulation of water or lost of water.
• Curl≠ 0, you need an external driven force, because the water

won’t rotate by itself.



Maxwell equation in medium

We can safely assume no free charges in the medium, so ρ = 0, no electric current in
dielectric medium, so J = 0.

𝜌 = 0
𝐉 = 0



In Equilibrium state, E, H, D, B won’t vary with time

𝐸%&'&,)* = 𝐸%&'&,+,-
𝐻%&'&,)* = 𝐻%&'&,+,-
𝐷+'-.+,)* = 𝐷+'-.+,+,-
𝐵+'-.+,)* = 𝐵+'-.+,+,-



Now:What’s wrong with Ray Optics (Geometric
Optics)?

Note: Light (Electromagnetic
Wave) is a transverse wave, E
and H are perpendicular to
propagation direction.
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𝐸9: ≠ 𝐸;<=, so ∇ ⋅ 𝐸 ≠ 0, so there has to be charge accumulation at the boundary! In 
reality, there cannot be charge accumulation in vacuum.



Beam Optics:
Gaussian Beam is one possible solution from Maxwell equations

Gaussian Beam



Derive wave equations from Maxwell Equations
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Gradient Force and Optical Tweezer (Optical Trap)
Polarization, electric dipole

Electronic Energy= −𝐸 ∗ 𝑝⃗

If we consider the induced dipole of dielectric 
material, 𝑝⃗ = 𝛼𝐸

Energy = − !
"𝛼𝐸

"	, !" is because when the external 
electric field drive positive charges and negative 
charges away from each other, half energy goes to 
kinetic energy and then become heat after the 
motion stops. 



• Minimum Energy Principle
• The system tends to be at an equilibrium position with potential 

energy at minima.
• Stable Equilibrium, Neutral Equilibrium, Unstable Equilibrium



• Gradient Force

The system has the tendency to evolve from a high energy place to a 
low energy place (minimum energy principle). That’s a basic 
principle, and that’s how we understand where the dynamics will go 
in energy regime.

We can also see this in Newtonian regime and use force to predict 
the motion or dynamics.

The two aspects are equivalent. So there must be a force pointing 
from high energy point to low energy point to guarantee that.

→ gradient force F# = −∇E$





Equilibrium Position: Strongest Point

Credits to thor lab

E field

Position

Position

Potential Energy

𝐸% = − !
"
𝛼𝐸", reaches minima at focus



Previous Homework about optical tweezer

We used momentum transfer to analyze the net force in the previous homework, which is Newtonian way of 
understanding optical trap. And by the way, the net force was gradient force. Now with a well defined potential 
energy and minimum energy principle, we have a new way of understanding it.






